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Resumen— This paper focusses on recurrent adaptive
neural control applied to unknown nonlinear systems with
constrained input. A recurrent high order neural network is
used in order to identify the unknown system and a learning
law is obtained using the Lyapunov methodology. Then a
control law, which stabilizes the reference tracking error
dynamics, is developed using the inverse optimal control
approach. Tracking error stability is established as a function
of design parameters. In order to compare the performance
of the controller two different strategies are applied to a
chemical reactor. The obtained simulation results illustrates
the proposed approach capabilities for trajectory tracking of
unknown nonlinear systems, whose inputs are constrained.

Keywords: Recurrent neural networks, trajectory tracking,
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I. INTRODUCTION

Synthesis of robust controllers for nonlinear systems
with uncertainties, which guarantee stability and trajectory
tracking, has received an increasing attention lately. The
presence of constrained inputs limits the ability to freely
modifying the system behavior by high gain feedback, in
order to compensate the effects of unmodeled dynamics
and external disturbances. These effects are re�ected on the
loss of stability, undesired oscillations and other adverse
effects. In (El-Farra and Christofides, 2000), a control law,
based on the Sontag formula (Lin and Sontag, 1991),
with constrained inputs is developed and applied to a
chemical reactor. The problem considered in (El-Farra and
Christofides, 2000) is treated in this paper as a benchmark
problem to compare the performance of the neural controller
with the one presented in (El-Farra and Christofides, 2000).
Over the past decade, based on the seminal paper

(Narendra and Parthasarathy, 1990), there has been a con-
tinuously increasing interest in applying artificial neural
networks to identification and control of nonlinear sys-
tems. Lately, the use of recurrent neural networks is be-
ing developed, which allows more efficient modeling of
the underlying dynamical systems (Poznyak et. al, 1999).
Several books as (Rovithakis and Christodoulou, 2000)
and (Suykens et. al, 1996) have reviewed the applica-
tion of recurrent neural networks for nonlinear system
identification and control. In (Suykens et. al, 1996), in

particular, off-line learning is used, while (Rovithakis and
Christodoulou, 2000) analyzes adaptive identification and
control by means of on-line learning, where stability of the
closed-loop system is established based on the Lyapunov
methodology.
Many control applications deal with nonlinear processes

in presence of uncertainties and disturbances. These phe-
nomena must be considered for controller design in order
to obtain the desired closed loop performance. In this paper,
we extend our previous results (Ricalde et. al, 2008) to
trajectory tracking for nonlinear systems in presence of con-
strained inputs and uncertainties. Using a direct control ap-
proach, we develop an adaptive neural control for uncertain
nonlinear systems with constrained inputs. This adaptive
control scheme is composed by a higher order recurrent
neural network and a controller, where the former is used
as a model for the unknown plant, and the latter to force the
unknown plant to track the reference trajectory. An weights
update law for the Recurrent High Order Neural Network
(RHONN) is proposed via the Lyapunov methodology. The
control law is synthesized using the Lyapunov methodology
and the Sontag control law for stabilizing systems with
constrained inputs and uncertain terms; this control law
explicitly depends on these constraints. Stability of the
tracking error is established and an estimation of the closed
loop ultimate bound is given in order to determine the
uncertainty bounds in function of the maximum available
input and the modeling error. The proposed control scheme
is validated with a chemical reactor where two different
neural controllers are applied, without input saturation and
with the constrained inputs control.

II. MATHEMATICAL PRELIMINARIES

A. Recurrent Higher-Order Neural Networks

Artificial Recurrent Neural Networks are mostly based
on the Hopfield model (Hopfield, 1984). These networks are
considered as good candidates for nonlinear systems applic-
ations in presence of uncertainties; they are also attractive
due to their easy implementation, relatively simple structure,
robustness and the capacity to adjust their parameters on
line.
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In (Kosmatopoulos et. al, 1997), recurrent higher-order
neural networks (RHONN) are defined as
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> being
the input to the neural network, and (·) a smooth sigmoid
function formulated by () = 1

1+exp(−) + . For the
sigmoid function,  is a positive constant and  is a small
positive real number. Hence, () ∈ [ + 1].
As can be seen, (1) allows the inclusion of higher-order

terms. By defining the vector

( ) = [1( )  ( )]
> (2)

=

⎡⎣Y
∈1


(1)


 

Y
∈


()



⎤⎦>
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In this paper, terms as  =
[1   +1  +]

> = [(1) 
() 1  ]

> are considered. This means that
the same number of inputs and states is used. It is also
assumed that the system is affine in the input, so that (3)
can be rewritten as
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Reformulating (3) in a matrix form yields

̇ = +() +  (5)

where  ∈   ∈ × () ∈   ∈  and
 ∈ ×.
For nonlinear identification applications, the term 

in (2) can be either an external input or the state of a
neuron passed through the sigmoid function. Depending on
the sigmoid function input, the RHONN can be classified
as a Series-Parallel structure if  (·) = () where 

is an external input (the state to identify) or a Parallel
one if  (·) = () where  is the neural network state
(Rovithakis and Christodoulou, 2000). This terminology is
standard in adaptive identification and control (Ioannou and
Sun, 1996). On the other hand, the structure of system (5)
is not common on several enginnering applications. The
methodology presented in this paper can be extended for a

more general class of nonlinear systems which are affine in
the control or where reduced order models are considered
(Ricalde et. al, 2008).

III. CONTROLLER DESIGN

Consider the unknown nonlinear plant,

̇

= 


(


 ) , 


(


) + () (6)

where 

 


∈ <  ∈ < and

() =  ()min (||  max)
where max defines the saturation level for every component
,  = 1 
We assume that the control input enters directly to

the nonlinear system. This class of input-affine nonlinear
system is frequently found in electrical and mechanical
models.
Taking into account that 


is unknown, one can model

(6) by a dynamic neural network as in (5). Let us consider
a dynamic neural network identifier defined as

̇ = +() +  + () (7)

where  = −  ∈ <+,  are the values of the on-line
estimated network weights and  ∈ < is the bounded
modeling error term defined as

 =  ()−− ()

Remark 1: The modeling error is defined as a mismatch
between the system and the RHONN model with its optimal
weight values. This mismatch is caused by an insufficient
number of high order terms in the RHONN model, it is
uniformly bounded as proved in (Rovithakis and Christo-
doulou, 2000).
We assume that the modeling error  is bounded as

kk ≤ 

 = sup
∈

{ ()−− ()}

where  is the largest admissible invariant set for the state
; this bound can be estimated experimentally and can be
minimized by inclusion of more high order terms in the
neural network.

Assumption 1. There exist unknown but constant optimal
weights ∗ that minimize the modeling error, such that the
plant is described, by the neural network plus a minimum
bounded modeling error term ∗Then, the state  of the
unknown dynamic system (6) satisfies

̇ =  + ∗() + ∗ + ()°°∗°° ≤ ∗ ∈ <+ (8)

where all the elements are as defined earlier.
We will design a control law , which satisfies () ≤

 ()min (||  max),  = 1  and guarantees
boundedness of the tracking error  between the neural
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network, which models the unknown plant, and the refer-
ence signal defined as

̇ = ()  ∈ <

Namely,

 :=  − 


This control scheme is displayed in Fig. 1.Taking the time

Figure 1. Control Scheme

derivative of the tracking error and replacing ̇ by (7), we
obtain

̇ = ̇− ̇

=  + ∗() +∗ + ()− 


(


)

This dynamics can be rewritten as

̇ =  + ̃() +() (9)

+ () + ∗ + ()

 () =  − 

(


)

̃ =  ∗ −

The tracking problem can be analyzed as a stabilization
problem for the error dynamics (9). To solve this problem,
we apply the Lyapunov approach as in (Ricalde et. al, 2008).
In order to perform the stability analysis for the nonlinear

system, the following Lyapunov function is formulated:
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In the following, for simplicity, we will use  instead of
()The time derivative of (10), along the trajectories of
(9), is
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We select the weight adaptation law as in (Rovithakis and
Christodoulou, 2000)
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which results in
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Replacing the learning law in (11), we obtain
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In order to stabilize the tracking error dynamics, let us
consider the following modification of the Sontag control
law (El-Farra and Christofides, 2000),

 = −1
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Replacing the control law (15) in (14) and taking into
account the bound (8)  we obtain

̇ ≤ − (− 1) kk2 +
°°∗°°2
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To this end, to determine the sign of the last term, we
assume that  ≤ k maxk. For this case, we have


2 ≤ ( max)

2 (16)

−
q


2 + ( max)
4 ≤ −

q
1 + ( max)

2

Replacing this bound in (16)  we obtain

̇ ≤ − (− 1) kk2 +
°°∗°°2

̇ ≤ − (− 1) kk2 +
°°∗°°2 (17)

where we select   1.
Defining  (kk) = (− 1) kk2, then

̇ ≤ − (kk) + kk2
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and

̇ ≤ − (kk) + kk2 ≤ 0 (18)
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From (Seshagiri and Khalil, 2000), there exists a class ∞
function  (kk)  such that
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Therefore, for any initial state  (k0k) outside Ω and a
finite time  the trajectories satisfy

kk ≤  ( (k0k)  − 0)  ∀0 ≤  ≤ 0 + 

where  is class  functions. For 0 +  , when the
trajectories enter Ω the tracking error will be ultimately
uniformly bounded for  ≥ 0 +  with the ultimate bound
given by

kk ≤ −1
³
kk2

´
 ∀ ≥ 0 +  (19)

To this end, we proceed to demonstrate that the proposed
control law does not violate the input constraints. Let us
consider the applied input
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IV. APPLICATION TO CONTINUOUS STIRRED TANK
REACTOR

In order to validate the applicability of the neural con-
troller, we consider the benchmark problem presented in
(El-Farra and Christofides, 2000) for comparison purposes.
Consider the continuous stirred tank reactor with an irre-
versible exothermic first order reaction 

→  The inlet to
the reactor is a substance  with �ow rate  , concentration
0 and temperature 0 The dynamic model of the
continuous stirred tank reactor is given by





=  (0 − )− 0

−





=  (0 −  ) +

µ
−∆


¶
0
−

+




+ 1() +  0
−212()

where  is the concentration of substance   is the
reactor temperature,  the reactor volume, 0 is a positive
constant,  is the activation energy and ∆ the reaction
enthalpy. The parameters  and  are the �uid heat
capacity and density. The control input  is the heat rate
applied to the reactor. The process parameters are given by

 = 1000 l  = 831× 104J/mol
 = 8314 J/mol K  = 0239 J/g K
0 = 10 mol/l  = 10000 g/l
0 = 310 K  = 1000 l/min
∆ = −478× 104 J/mol  = 0577 mol/l
0 = 720× 1010 min−1  = 3953 K

Table 1.Chemical reactor parameters

The control objective is to maintain the reactor temperature
in the steady state value given in Table 1. The operating
point is an unstable one and we consider time varying
uncertainties in the reaction enthalpy and the inlet �ow
temperature given by

1() = 010 sin(3), 2() = 05 (−∆) sin(3)

The physical motivation for considering sinusoidal vari-
ations in the heat of reaction is the fact that heat of reaction
is a function of temperature. Therefore, in the presence of
sinusoidal variations (disturbances) in the feed temperature,
the reactor temperature and heat of reaction will vary
sinusoidally in time. (El-Farra and Christofides, 2000).
For the simulations we consider first the RHONN con-

troller presented in (Ricalde et. al, 2008). This control
scheme applies the inverse optimal control methodology.
As can be seen in Fig. 2 to Fig. 4 the Neural Controller
successfully achieves the desired tracking performance with
the drawback of not considering limits in the heat input to
the reactor. The applied input reaches 400 kJ/s which is far
from practical values.
To consider the input saturation, we apply the neural al-

gorithm with constrained inputs with a maximum allowable
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heat rate as 60 kJ/s. For simulations we implemented the
RHONN as

̇ = −+() + 

with  = −25 and the higher order terms are selected in
order to include sufficient nonlinear terms. The structure
can be initially selected if some a priori information from
the system structure is known; if not previous knowlegde
is available, a common initialization is to include at least
second order terms as

() =
£
tanh(1) tanh2(1)

tanh(1) tanh(2) tanh(2)

tanh2(2) tanh2(1) tanh
2(2)

¤
1 = ; 2 =  ;  = 075

Fig. 5 to Fig. 7 displays the performance of the proposed
control with constrained inputs. As can be seen regulation
problem is solved without requiring to exceed the available
energy with a similar performance to the controller without
restrictions. As a final simulation, the trajectory tracking
problem is considered and the results displayed in Fig. 8
and Fig. 9 where the Neural controller achieves a good
performance even in the presence of uncertainties.
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Figure 2. Time evolution for concentration  in presence of
unceirtainties
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Figure 3. Time evolution for reactor temperature 
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Figure 5. Time evolution for concentration for max = 60

V. CONCLUSIONS

An adaptive control structure based on recurrent neural
networks for trajectory tracking of unknown nonlinear sys-
tems with constrained inputs was presented. This structure
is composed of a neural network, which is used as an
online model of the unknown plant, and a control law
for trajectory tracking with constrained inputs developed
using the inverse optimal control approach. Stability of the
identification and tracking error is analyzed via Lyapunov
methodology. Tracking error stability is established with
an estimation of the region of stability. The applicability
of the proposed structure was tested via simulations, on
regulation and trajectory tracking for a chemical reactor
with energy input limitations. The results are compared with
previous simulations on the benchmark problem presented
in (El-Farra and Christofides, 2000) with good results but
without requiring knowledge of the nominal system and
showing robustness in presence of unmodeled dynamics and
disturbances.
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